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Abstract
Rolling tachyon in linear dilaton background is examined by using an effective field theory with gauge field on an unstable
D-brane in bosonic string theory. Several solutions are identified with tachyon matter equipped with constant electromagnetic
field in linear dilaton background. The time evolution of effective coupling and the nature of propagating fluctuation modes
around the tachyon matter are also studied.
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1. Introduction
The decay of unstable D-brane can be described by tachyon condensation. The time dependent process of
tachyon condensation called rolling tachyon has recently received much attention. It is found that the tachyon
condensation leaves behind some objects equipped with the same energy density as the original unstable D-brane
tension and the vanishing pressure [1]. These objects are called tachyon matter or tachyon dust.
The degree of freedom of perturbative open string disappears under tachyon condensation. On the other
hand, electric flux on D-brane world volume is generically identified with fundamental string charge for an
anti-symmetric 2-tensor called the Kalb–Ramond field, then the electric flux must be conserved under tachyon
condensation. Accordingly, only the confined electric flux can be allowed to remain and play a role as the carrier of
fundamental string charge. Indeed, in super string theory, the confinement of unbroken gauge field is well described
in [2,3]. It is expected that the electric field is to be confined and identified with fundamental string in bosonic string
theory too [4,5].
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theories [6] and the boundary CFT [7,8]. It is found that the energy density and the pressure along the constant
electric field become certain finite constants and pressure along directions transverse to the electric field becomes
zero. This solution can be identified with tachyon matter with a constant electric field. Moreover it is observed
that fluctuation modes around this solution can propagate along the electric field at speed proportional to the
field strength [6]. The nature of propagation of fluctuation modes is likely to suggest a significant implication of
fundamental string formation and electric flux confinement.
The rolling tachyon in linear dilaton background is examined by using the timelike boundary Liouville theory.
It is shown that there is a solution to be identified with tachyon matter. Moreover it is observed that the tachyon
matter slides towards a weak coupling region, assuming the normalizability of a local operator denoting tachyon
field [9]. Accordingly, it is intriguing to construct the tachyon matter solution in linear dilaton background by using
an effective field theory, and examine whether a tendency for tachyon matter to slide towards a certain coupling
region can be shown in the effective field theory.
In this Letter, we will consider the rolling tachyon on an unstable Dp-brane in a linear dilaton background in
bosonic string theory, by using an effective field theory with gauge field. In the next section, we begin with a brief
review of a useful prescription to analyze tachyon condensation with gauge field [6,10]. Initially, we examine the
rolling tachyon without gauge field in linear dilaton background, and obtain asymptotic solutions. By studying the
asymptotic behavior of energy–momentum tensor, we identify a solution to be tachyon matter in linear dilaton
background. We are also lead to an unexpected solution as obtained in [11]. Subsequently, we study the rolling
tachyon accompanied with a constant electromagnetic field in linear dilaton background. The time evolution of
effective coupling and the propagation of fluctuation modes around the tachyon matter solutions are also examined.
We work with the weak string coupling limit.
2. Rolling tachyon in linear dilaton background
The dynamics of tachyon T (x) and gauge fields Aµ(x) on an unstable Dp-brane with dilaton Φ(X(x)) would
be described by a world volume effective action given by
(1)S = −τp
∫
dp+1x e−ΦV (T )
√−det(ηµν + Fµν + ∂µT ∂νT ).
This is a simple generalization of the effective action proposed in [12,13] to the case involving the dilaton. We will
consider a linear dilaton background Φ = VµXµ that has non-vanishing components only along the D-brane world
volume, and use the static gauge Xµ = xµ (µ = 0,1, . . . , p) where Xµ denotes target space coordinate and xµ
denotes world volume one. The target space is flat with metric signature (−+ · · ·+), and τp denotes the Dp-brane
tension. α′ = 1 unit is used in this Letter. The tachyon enters into the action as if it is one of transverse coordinates
on D-brane, which is related to gauge field under T-duality. Indeed, it is possible to treat the tachyon and gauge
field on an equal footing except for the presence of potential. The following relation on matrix determinant,
(2)det(P )det(Q + RP−1RT )= det(Q)det(P + RT Q−1R)= det(P −RT
R Q
)
,
with identification as P = 1, Q = (η + F)µν , R = ∂µT , allows the action (1) to be expressed by
(3)S = −τp
∫
dp+1x e−ΦV (T )
√−det(ηMN + FMN).
The tachyon field T is incorporated with the gage field Aµ to define an extended gauge field as in [6,10],
(4)AM =
{
T (M = −1),
Aµ (M = µ),
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order. The extended flat metric ηMN is understood to have signature (+−+· · ·+). A relevant extended field
strength is determined by
(5)FMN =
{
Fµν (M = µ,N = ν),
∂µT (M = µ,N = −1),
with ∂−1 ≡ 0. This extended field strength is anti-symmetric and obeys the Jacobi identity. The equations of motions
of the action (3) are given by
(6)V ′(T )(θMN∂NT − δM,−1)+ V (T )GMN∂KFLNGKL − V (T )θMNVN = 0,
with V−1 ≡ 0. The symmetric part and the anti-symmetric part of inverse matrix of AMN ≡ (η+F)MN are denoted
by
(7)GMN ≡
(
1
η + F
)MN
sym.
, θMN ≡
(
1
η + F
)MN
anti-sym.
,
respectively. The tachyon potential V (T ) can be taken to be such that it has a local maximum 1 at T = 0 and
a local minimum 0 at T = ∞. The asymptotic profile of tachyon potential for very large value of T suffices to
construct asymptotic solutions. Assuming the tachyon potential V (T ) = 1/ cosh(T /2) proposed in [14,15], one
can take advantage of the asymptotic form of it given by
(8)V (T ) = e− 12 T .
We shall examine the rolling tachyon by using this potential.
2.1. Rolling tachyon with constant block diagonal field strength
We will look for homogeneous rolling tachyon solutions T = T (x0) with Fµν constant. Lorentz rotation can
be utilized for this type of solution to simplify Fµν so that it has vanishing components except for Fµ,µ+1
(µ = 0,1, . . . , p − 1) and their transpositions. For simplicity, we begin with a block diagonal form of Fµν such
that F2i,2i+1 = −F2i+1,2i = Bi (i = 0,1, . . . , n = [p−12 ]) and other components are zero. This supposed form of
gauge fields can be involved with the rolling tachyon T = T (x0) to construct the extended field strength FMN . As
a result, AMN is represented by A(0)
⊕n
i=1 A(i) with
(9)A(0) =
( 1 −T˙ 0
T˙ −1 B0
0 −B0 1
)
, A(i) =
(
1 Bi
−Bi 1
)
with T˙ = dT
dx0
, detA(0) = −1 + B20 + T˙ 2, detA(i) = 1 + B2i . It will turn out that there are solutions for which
detA(0) is not vanishing. GMN is represented by G(0)
⊕n
i=1 G(i) with
(10)G(0) = 1
detA(0)

−1 + B
2
0 0 −B0T˙
0 1 0
−B0T˙ 0 −1 + T˙ 2

 , G(i) = 1
detA(i)
(
1 0
0 1
)
.
θMN is represented by θ(0)
⊕n
i=i θ (i) with
(11)θ(0) = 1
detA(0)
( 0 T˙ 0
−T˙ 0 −B0
0 B0 0
)
, θ (i) = 1
detA(i)
(
0 −Bi
Bi 0
)
.
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(12)GMN∂KFLNGKL =
{
(−1 + B20 )T¨ (detA(0))−2 (M = −1),
−B0T˙ T¨ (detA(0))−2 (M = 1).
M = −1 component of the equations of motion (6) is
(13)(1 − B20 )+ 2(1 −B20 )−1 +B20 + T˙ 2 T¨ + 2T˙ V0 = 0.
M = 0 component is
(14)B0V1 = 0.
M = 1 component is
(15)B0
[
T˙ + 2T˙ T¨−1 + B20 + T˙ 2
+ 2V0
]
= 0.
M = 2i , 2i + 1 (i = 1, . . . , n) components are
(16)BiV2i+1 = 0, BiV2i = 0.
It appears that Bi (i = 1, . . . , n) can acquire a non-vanishing value only for V2i = V2i+1 = 0. We will classify some
solutions of these equations according to the value of B0.
Firstly, let us consider the case of non-vanishing B0. Eq. (14) shows that this solution is possible only for V1 = 0.
Eq. (13) can incorporates with Eq. (15) to give two equations
(17)2T¨ − 1 + B20 + T˙ 2 = 0,
(18)V0 = 0.
The last equation shows that this type of solution with B0 finite is possible only for V0 = 0.
To determine an asymptotic behavior of rolling tachyon, let us examine an supposed form of tachyon as in [1,11],
(19)T˙ = β − Ke−γ x0 +O(e−2γ x0).
The parameters β,K,γ should be determined to be positive constants so that the tachyon rolls down the potential
towards the local minimum (T = ∞), and the speed of tachyon T˙ asymptotically becomes a certain constant so
as to validate the description with effective action. Let us apply this supposed form to the equations of motion and
evaluate them in order by order of e−γ x0 .
This supposed form of rolling tachyon leads to detA(0) expressed by
(20)detA(0) = C − 2βKe−γ x0 + · · · , C ≡ −1 + B20 + β2.
Eq. (17) evaluated in order 1 and e−γ x0 leads to two equations among parameters. They are found to have a single
solution given by
(21)β = γ =
√
1 − B20 .
Note that the leading term C of detA(0) in Eq. (20) vanishes for this solution. The B0 dependence of β =
√
1 − B20
shows that a final speed of rolling tachyon is slowed down in the presence of electric field B0. This fact is in
agreement with the result obtained in [6], but we note that the finite B0 is allowed only for V1 = 0.
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(22)T µν = −τpe−ΦV (T )
√−detAMNGµν (µ, ν = 0,1, . . . , p).
The solution (21) leads to the block diagonal energy–momentum tensor expressed by T (0)⊕nj=1 T (j) with
(23)T (0) = τp 1√2βK
n∏
i=1
(
1 + B2i
)1/2(1 0
0 −B20
)
+ · · · ,
(24)T (j) = −τp
√
2βK
n∏
i=1,i =j
(
1 + B2i
)1/2(1 + B2j )−1/2
(
1 0
0 1
)
e−γ x0 + · · · .
The case with all Vµ vanishing is displayed here, but the case with V2i or V2i+1 non-vanishing is readily given by
replacing (1+B2i )1/2 with e−V2ix
2i−V2i+1x2i+1
. In the following analysis, the case with vanishing Vµ (µ = 2, . . . , p)
are mainly examined.
It is observed that the energy density T 00 remains a finite positive constant in the infinite future that is
proportional to the D-brane tension τp . The pressure becomes zero to all directions except for x1. This direction is
what the constant electric field is pointed to, and the pressure T 11 remains a negative constant determined by the
electric field strength. These are the suitable properties for tachyon matter with electric field [7,8].
The action includes the field strength Fµν in a gauge invariant combination (Fµν + Bµν), where Bµν denotes
the pull-back of the Kalb–Ramond field BMN onto D-brane world volume. The source for the Kalb–Ramond field
is determined by functional derivative of the static gauge action with respect to Fµν . It is expressed by
(25)Sµν = τp e−ΦV (T )
√−detAMN θµν.
The solution (21) leads to the block diagonal Sµν expressed by S(0)⊕nj=1 S(j) with
(26)S(0) = τp 1√2βK
n∏
i=1
(
1 + B2i
)1/2( 0 −B0
B0 0
)
+ · · · ,
(27)S(j) = −τp
√
2βK
n∏
i=1,i =j
(
1 + B2i
)1/2(1 +B2j )−1/2
(
0 −Bj
Bj 0
)
e−γ x0 + · · · .
Note that the fundamental string charge density pointing to x1 direction, S01, remains finite in the infinite future.
Secondly, let us consider the case of B0 = 0. Eq. (14) shows that this solution is consistent with any values of
V1. Only Eq. (13) leads to a non-trivial equation
(28)2T¨ − (1 − T˙ 2)(1 + 2T˙ V0) = 0.
Applying the supposed form (19) and requiring a term of order 1 and one of order e−γ x0 to vanish separately lead
to two equations given by
(29)(1 + 2βV0)
(
1 − β2)= 0,
(30)β − γ + (3β2 − 1)V0 = 0.
These equations allow two solutions according to the value of V0. One is given by
(31)β = 1, γ = 2V0 + 1,
for V0 > − 12 . The other solution is given by
(32)β = − 1
2V
, γ = −1
2
(
2V0 − 12V
)
,0 0
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positive γ . Note that the leading term C of detA(0) in Eq. (20) vanishes for the solution (31), while it does not
vanish for the solution (32). This fact will turn out to cause difference of asymptotic behavior of sources for bulk
fields.
The solution (31) leads to the energy–momentum tensor T µν expressed by Eqs. (23), (24) except that B0 is
taken to be zero. It is evident that the energy–momentum tensor has the properties of tachyon matter. The source
for the Kalb–Ramond field Sµν is expressed by Eqs. (26), (27) except that B0 is taken to be zero. This shows that
there is no fundamental string charge remained in the infinite future.
The solution (32) also leads to the block diagonal energy–momentum tensor expressed by T (0)⊕nj=1 T (j) with
(33)T (0) = τp 1√
1 − β2
n∏
i=1
(
1 + B2i
)1/2(1 0
0 −1 + β2
)
eγ x
0 + · · · ,
(34)T (j) = −τp
√
1 − β2
n∏
i=1,i =j
(
1 + B2i
)1/2(1 + B2j )−1/2
(
1 0
0 1
)
eγ x
0 + · · · .
It appears that both the energy density and the pressure diverge in the infinite future in contrast to the previous
solutions. We would simply rule out this solution.
2.2. Rolling tachyon with transverse electric and magnetic fields
If an unstable D3-brane is considered, the analysis so far corresponds with a rolling tachyon with parallel
electric field B0 and magnetic field B1 towards x1 direction. Subsequently, let us examine such a case that only
non-vanishing components of Fµν are F01 = −F10 = E and F12 = −F21 = B . This corresponds with a rolling
tachyon with electric field E along x1 and magnetic field B along x3, as far as D3-brane is concerned. The matrix
AMN = (η + F)MN is determined by A(0) ⊕ 1p−2 with
(35)A(0) =


1 −T˙ 0 0
T˙ −1 E 0
0 −E 1 B
0 0 −B 1

 , detAMN = E2 − (1 + B2)(1 − T˙ 2),
where 1(p−2) denotes a rank (p − 2) identity matrix. It will be found that there is a solution with non-vanishing
detAMN . The matrix GMN is determined by G(0) ⊕ 1(p−2) with
(36)G(0) = 1
detA


−1 − B2 + E2 0 −ET˙ 0
0 1 + B2 0 BE
−ET˙ 0 −1 + T˙ 2 0
0 BE 0 −1 + E2 + T˙ 2

 .
The matrix θMN is determined by θ(0) ⊕ 0(p−2) with
(37)θ(0) = 1
detA


0 T˙ (1 +B2) 0 BET˙
−T˙ (1 +B2) 0 −E 0
0 E 0 B(1 − T˙ 2)
−BET˙ 0 −B(1 − T˙ 2) 0

 ,
where 0(p−2) denotes a ‘rank’ (p − 2) zero matrix. The second term of the equations of motion (6) is found to
vanish except for M = −1,1,
(38)GMN∂KFLNGKL =
{
(−1 − B2 + E2)(1 + B2)T¨ (detA)−2 (M = −1),
2 ˙ ¨ −2−E(1 + B )T T (detA) (M = 1).
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(39)(1 + B2 − E2)+ 2 (1 + B2 − E2)(1 + B2)
E2 − (1 + B2)(1 − T˙ 2) T¨ + 2T˙
{(
1 + B2)V0 + BEV2}= 0.
M = 0 component is
(40)EV1 = 0.
M = 1 component is
(41)ET˙ + 2E(1 + B
2)
E2 − (1 + B2)(1 − T˙ 2) T˙ T¨ + 2EV0 + 2B
(
1 − T˙ 2)V2 = 0.
M = 2 component is
(42)B(1 − T˙ 2)V1 = 0.
M = 3, . . . , p components do not give any non-trivial equations. We will study a case with E non-vanishing, which
is possible only for V1 = 0 according to Eq. (40). Eqs. (39) and (41) give rise to
(43)2(1 + B2)T¨ + (E2 − (1 + B2)(1 − T˙ 2))(1 + 2T˙ V0) = 0,
(44)EV0 + BV2 = 0.
Eq. (43) with the asymptotic form (19) applied leads to equations for parameters β and γ ,
(45)(E2 − (1 + B2)(1 − β2))(1 + 2βV0) = 0,
(46)(E2 − (1 + B2)(1 − β2))V0 + (1 + B2)β(1 + 2βV0) − (1 + B2)γ = 0.
These equations have two kinds of solutions. One is given by
(47)β =
√
1 − E
2
1 + B2 , γ =
√
1 − E
2
1 + B2 + 2V0
(
1 − E
2
1 + B2
)
,
for V0 > − 12
√
1+B2
1+B2−E2 . The other is
(48)β = − 1
2V0
, γ = −1
2
√
1 − E
2
1 + B2
(
2V0
√
1 − E
2
1 + B2 −
1
2V0
√
1 − E21+B2
)
,
for V0 < − 12
√
1+B2
1+B2−E2 . The latter solution (48) leads to the singular behavior of energy–momentum tensor, thus
we would simply rule out this solution. The former solution (47) leads to energy–momentum tensor with relevant
components determined by
(49)T µν = τp√
2βK(1 + B2)


1 + B2 0 BE
0 −E21+B2 0
BE 0 B2E21+B2

 exp[−Vixi + BEV21 +B2 x0
]
+ · · · ,
(50)T ab = −τp
√
2βK
(
1 + B2)δab exp[−Vixi +
(
BEV2
1 + B2 − γ
)
x0
]
+ · · · ,
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components,
(51)Sµν = − τp√
2βK(1 + B2)


0 −E 0
E 0 BE21+B2
0 − BE21+B2 0

 exp
[
−Vixi + BEV21 + B2 x
0
]
+ · · · ,
with µ,ν = 0,1,2 and other components zero. Note that momentum density to x2 direction is finite, hence the
whole system moves towards x2 direction with velocity determined by T 02/T 00 = BE1+B2 . This fact shows that T µν
and Sµν are not changed in the rest frame, while pressures to direction xa , T aa , goes to vanish in the infinite future.
This solution is still qualified to represent tachyon matter. In the presence of spacelike linear dilaton background,
profiles of the energy–momentum tensor and the source of the Kalb–Ramond field vary towards a certain spatial
direction at a specific time in a given coordinate frame. Therefore we note that the rest frame should be used to
examine the profiles.
The value of dilaton changes in the rest frame according to
(52)Φ = V0 1 +B
2 −E2√
(1 + B2)2 − B2E2 x
′0,
where x ′0 denotes the time coordinate in the rest frame. Since the electric field is allowed to take a value subject to
(1 + B2 − E2) > 0, the direction of effective coupling evolution for the tachyon matter solution depends only on
the sign of V0, which is not restricted in this analysis.
If the fluctuation modes around the tachyon matter solution can propagate, it would give significant implications
for the fundamental string formation. Then, according to [6], let us study the fluctuation modes defined by
(53)T = T tm + t, Aµ = Atmµ + aµ (µ = 0,1, . . . , p),
where T tm and Atmµ denote the tachyon matter solution (47), and fluctuation modes t and aµ may depend on xµ.
For simplicity, we use a gauge a0 = 0. The tachyon matter solution gives rise to vanishing det(η + F)MN up to
negligible terms of order e−γ x0 . Accordingly, it is sufficient for fluctuation analysis to examine equations that come
from the second term of the equations of motion,
(54)∂KFLNGKL = 0
up to terms of order e−γ x0 and second order terms for fluctuation modes.
N = −1 component of this equation is
(55)(1 + B2)∂20 t − E21 + B2 ∂21 t + B
2E2
1 + B2 ∂
2
2 t + 2BE∂0∂2t = 0.
N = 0 component is
(56)E∂0 tˆ = 0, tˆ ≡ β∂1t + E1 + B2 ∂1a1 − B∂0a2 −
B2E
1 + B2 ∂2a2.
N = µ (µ = 1, . . . , p) components are
(57)(1 + B2)∂20aµ − E21 + B2 ∂21aµ + B
2E2
1 + B2 ∂
2
2aµ + 2BE∂0∂2aµ + E∂µtˆ = 0.
We will study a case with non-vanishing E. It follows from Eq. (56) that tˆ is not dynamical. Moreover it can be set
to be zero by using a spatial gauge transformation that still remains in the gauge a0 = 0. Eq. (57) subject to tˆ = 0
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(58)
(
∂0 + E1 + B2 ∂1 +
BE
1 + B2 ∂2
)(
∂0 − E1 + B2 ∂1 +
BE
1 +B2 ∂2
)
t = 0.
This indicates that there are p fluctuation modes that can propagate with velocity BE1+B2 to the x
2 direction and
± E1+B2 to the x1 direction, though the world volume is extended to a p-dimensional space. The fact that the whole
system moves towards the x2 direction with velocity BE1+B2 means that an intrinsic propagation of fluctuation modes
is towards x1 direction, that is, the direction of electric flux.
The constant electric flux is generically identified with the conserved fundamental string charge. In fact, Eq. (51)
shows a presence of fundamental string charge along the x1 direction. Accordingly, if a spatially inhomogeneous
tachyon condensation is considered, fundamental string would be formed towards the direction of electric flux. We
note that the finite electric flux is not admissible towards directions with finite linear dilaton. Thus, it appears that
fundamental string is not formed towards the finite valued linear dilaton.
The agreement of the possible direction of the intrinsic fluctuation propagation with the constant electric flux
suggests that the propagating fluctuation modes come from the fundamental strings stretched along electric flux.
This assumption is consistent with the fact that the nature of propagation of fluctuation modes is not changed by
the presence of linear dilaton background, since a fundamental string itself is not affected by the value of effective
coupling. Incidentally the propagation speed of fluctuation modes vanishes in the E → 0 limit, and the unstable
D-brane does not need D1-brane charge at all. The propagating fluctuation mode should come from a small wave
on the fundamental string itself, and not from open string on D1-brane with fundamental string resolved on it.
3. Conclusion
We have considered the rolling tachyon in the linear dilaton background by using the effective field theory with
gauge field. Several asymptotic solutions equipped with or without constant electromagnetic fields were obtained in
linear dilaton background. We explicitly constructed a solution to be identified with tachyon matter in linear dilaton
background. Moreover tachyon matter solutions with constant electromagnetic field in linear dilaton background
were also obtained. We showed that tachyon matter solutions are obtained only for V0 larger than certain constants,
which may depend on the profile of electromagnetic field. The existence of the lower bounds was not seen in the
analysis by using the timelike boundary Liouville theory [9]. This discrepancy implies that the effective action (1)
does not correctly describe a certain parameter region. Indeed, the effective action is not shown to be valid in a
region where the dilaton is large. We would insist that the result for V0 = 0 at least is to be reliable in a region
where the dilaton is not so large. Then the apparent discrepancy disappears.
It turned out that the direction of time evolution of effective coupling is determined by the sign of V0 and the
profile of electromagnetic field enters into the speed of evolution. The nature of fluctuation modes such that the
intrinsic propagation is towards the electric flux and the propagation speed is proportional to the electric flux was
shown to be unchanged in the presence of linear dilaton background. This result is consistent with the assumption
such that the propagating fluctuation modes come from long stretched fundamental strings.
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